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Abstract 
Hahn, R., Tree-partitions of infinite graphs, Discrete Mathematics 97 (1991) 203-217. 
A connected graph G is called a pseudo-tree if its vertex-set V(G) admits a partition n into 
finite classes such that the derived graph G/n (having the classes of n as its vertices) is a tree; if 
in addition n can be chosen in such a way that each class of n induces a connected subgraph of 
G, then G is called a quasi-tree. For instance, all connected locally finite graphs are quasi-trees. 
We characterize the pseudo-trees by forbidden configurations and investigate the structure of 
pseudo-trees which are not quasi-trees. 
1. Introduction 
In [4, Section 51 it was tried to exhibit what an ‘infinite graph makes infinite’, 
i.e. which properties remain invariant if an infinite graph is ‘reduced modulo 
finiteness’. The starting point for making precise these intuitive ideas was to 
partition the vertex set of a graph G into finite classes such that each class induces 
a connected subgraph of G and study the derived graph, with these classes as 
vertices and adjacency defined by the edges of the given graph, in the obvious 
sense. If the derived graph graph can be chosen in such a way that a tree arises, G 
is called a quasi-tree (a definition first introduced in (31). In [3] it was proved that 
every connected locally finite graph is a quasi-tree. 
The present note was motivated by the question whether quasi-trees can be 
characterized by forbidden configurations. However, an example was found 
showing that not necessarily every connected subgraph (induced or not) of a 
quasi-tree is again a quasi-tree. So the problem had to be modified, and the 
notion of pseudo-tree was introduced; it arises from that of quasi-tree by allowing 
also nonconnected subgraphs as the vertices of the derived subgraphs (i.e. the 
classes of the partition in question may induce nonconnected subgraphs of the 
given graph). Such a partition of V(G) 
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Our example mentioned above is a pseudo-tree such that in any tree-partition 
no class induces a connected subgraph. It is further shown that in every 
pseudo-tree which is not a quasi-tree a configuration closely related to this 
example must be contained, which, in addition, must be end-invariant. As a 
corollary we find that every pseudo-tree which is not a quasi-tree contains an 
end-invariant subdivision of the o-regular tree. 
2. Terminology and notation 
In general we follow the standard notation and terminology of graph theory as 
e.g. developed in [l, 61. Graphs are undirected and not allowed to have loops or 
multiple edges, but may be infinite. We write H E G if H is a subgraph of G or a 
subset of the vertex-set V(G), thus identifying subsets of V(G) with the 
subgraphs of G having empty edge-set. By c we denote proper inclusion. If 
C c_ G by G[C] the subgraph induced by C in G is denoted, and a bridge from C 
is the set of edges leading from C to some component of G - C. 
If G is a graph and n a partition of V(G), then G/7t is the graph which has the 
elements of 3t as its vertices and in which P E Ed and Q E n are adjacent if and only 
if there is an edge in G connecting a vertex of P with a vertex of Q. The elements 
of n are also called classes or members of n. 
Given any JC, if each vertex v of G is mapped onto the member of n containing 
v we get a (canonical) surjective homomorphism qlr of G onto G/z (Here the 
term ‘homomorphism’ is used in the sense of Halin [5, p. 261.) Under qn 
connected subgraphs of G are mapped onto connected subgraphs of G/n, and, if 
all the classes of n are finite, a member P of n has infinite degree in G/JC if and 
only if there is a vertex in P having infinite degree in G. 
A one-way infinite path (briefly: 1, w-path) consists of an infinite sequence of 
vertices vl, v2, u3, . . . and the edges [vi, vi+,], i = 1, 2, 3, . . . . Analogously 
two-way infinite paths (2, m-paths) are defined. If U is a 1, w-path contained in a 
graph G and X is an infinite set of vertices of G, then X is called associated with 
U if there are in G infinitely many disjoint (finite) paths each connecting a vertex 
of X with a vertex of U. (Such a path may consist of a single vertex.) 1, m-paths 
U, V E G are called equivalent (with respect to G) if the vertex set of V is 
associated with U; then of course also the vertex set of U is associated with V. U 
and V are equivalent in G if and only if there is an infinite path W in G meeting 
both U and V infinitely often, also if and only if for every finite F c G the 
connected component of G - F containing an infinite subpath of U also contains 
an infinite subpath of V [2]. The corresponding equivalence classes (in the set of 
all 1, m-paths contained in G) are called the ends of G. A subgraph H of G is 
end-invariant in G if any two 1, m-paths GH are equivalent in H if and only if 
they are equivalent in G. 
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If X, y are distinct vertices of G, their local vertex-connectivity number K~(x, y) 
is the maximum number (cardinality) of X, y-paths in G having pairwise only x 
and y in common, and their local edge-connectivity number L&X, y) is the 
maximum number of edge-disjoint X, y-paths in G. We call x, y E V(G) a stmngfy 
connected pair of vertices (with respect to G) if x =y or &(x, y) = ~0 (i.e. an 
infinite cardinal number). It is easy to see that the relation ‘strongly connected’ 
defines an equivalence relation in V(G). For x E V(G) the equivalence class of x 
with respect to this relation is denoted by C(x). If T 5 V(G), C(T) denotes the 
union of all C(x) with x E T (hence y E C(T) if and only if n&x, y) = ~0 for at 
least one x E T, and no vertex outside C(T) is strongly connected with any x E T). 
It is clear that T+ C(T) forms a closure operation in V(G). In what follows we 
shall call C(T) the closure of T, and each set of the form C(T) a closed set in G. 
A subdivision GS of a graph G arises from G by inserting a finite number of 
new vertices (possibly none) on each edge of G. We write H 1 GS if the graph H 
contains a subgraph isomorphic to a subdivision of G. It is clear that 
K&X, Y) = K&, Y) and &(x, Y) = A&, Y) 
for any x, y E V(G) and any subdivision H of G. Therefore the closure of a 
T c V(G) remains the same if we replace G by a GS. 
3. Pseudo-trees and quasi-trees 
A connected graph G which admits at one tree-partition JC is called 
If the tree-partition n G can be 
it induces of then G a quasi-tree. 
Remark 1. It is easy to see that every subdivision of a pseudo-tree or quasi-tree is 
again a pseudo-tree or quasi-tree (respectively), and vice versa. 
Remark 2. Of course every tree T is a quasi-tree, and if A is a partition of V(T) 
such that each P E A induces a finite connected subgraph of T, then T/A is again 
a tree. If T is of the form G/X, n a tree-partition of G, then every class of such a 
A corresponds to the union of certain classes of n, and we get a new 
tree-partition of G with these unions as its members. 
F c G is called finitely attached in G if F is finite and all bridges from F are 
finite. (The latter statement hen means that no vertex of F has infinitely many 
neighbours in the same component of G - F.) 
3.1. If F is finitely attached in G and H c G, then F fl H is finitely attached in H. 
Proof. Each component of H - (F rl H) is contained in a component of 
G-F. q 
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By similar reasoning we have the following. 
3.2. If F,, . . . , F, is a finite collection of finitely attached subgraphs of G, then its 
union F = FI U * . . U F, is also finitely attached in G. 
3.3. If n is a tree-partition of G, P E E and Q, R E n are distinct neighbours of P 
in G/Jc, then P separates Q and R in G (i.e. every path connecting vertices of Q 
and R meets P). 
Proof. Assume A to be a path in G connecting a vertex of Q with a vertex of R 
which avoids P. All members of JG meeting A induce a connected subgraph A of 
G/X containing Q, R, but not P; a Q, R-path cA together with the edges [P, Q], 
[Q, R] would then form a circuit in G/n, with contradiction. 0 
As a corollary we have the following. 
3.4. If Ed is a tree-partition of G, P E JT and B is any bridge from P in G, then there 
is exactly one neighbour Q of P in G/n such that each edge of B connects vertices 
of P and Q. Hence each bridge of P must be finite, and every P E JT must be finitely 
attached. 
The last observation leads us to the following characterization of pseudo-trees 
and quasi-trees. 
3.5. Theorem. Let G be a connected graph. 
(a) G is a pseudo-tree if and only if every finite F c G is contained in a finitely 
attached subgraph F* of G. 
(b) G is a quasi-tree if and only if every finite F G G is contained in a connected 
finitely attached subgraph F* of G. 
Proof. 
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only finitely many edges leading from C to vertices outside of C, F is also finitely 
attached in G). The (C, F) obtained in this way are said to be of 1st generation. 
Analogously we define the pairs of 2nd generation, and so on. In general, 
assume the pairs (C, F) of rtth generation already to be defined such that 
V(F) c V(C) E V(G) and F is finitely attached in C. Then we consider the 
components C’ of C - F and choose, in each such C’, a finitely attached subgraph 
F’ containing the neighbours of F in C’; then the pairs (C’, F’) obtained in this 
way are those of (n + 1)th generation. 
Of course it may happen that there is a natural number n such that no pair of 
nth generation exists; but from the construction it follows, by induction on n, that 
each r~ E V(G) of distance n from F. is contained in some F of generation <n (if 
(C, F) has generation n, we also say that F is of nth generation). Further, all the 
F (in our selected pairs (C, F)) are disjoint; so they form a partition II of V(G). 
If (C, F) is of generation n > 0, then there is exactly one (C’, F’) of generation 
IZ - 1 such that F, F’ are adjacent in G/n; we call F’ the (immediate) predecessor 
F_ of F. By repeatedly taking predecessors starting at some F E 3t we end at fi, 
after a finite number of steps; so we see that G/X is connected. 
Further G/X does not contain a circuit. For let F,, . . . , Fk be finitely many 
distinct elements of JC. By the above an q of maximal generation cannot have two 
different neighbours (with respect to G/X) among F,, . . . , Fk; so F,, . . . , Fk 
cannot induce a circuit. Thus we find that JC is a tree-partition, and G is indeed a 
pseudo-tree. 
In case (b) the same construction is performed but additionally all the F are 
chosen as sets inducing connected subgraphs. It is clear that (by hypothesis (b)) 
we can choose F. as a connected finitely attached subgraph. If (C, F) is already 
constructed and C’ is a component of C - F, then we choose a finite connected 
subgraph H of C’ containing the neighbours of F in C’; by hypothesis, in G a 
finitely attached connected F* =, H exists. Then F* fl C’ = : F' ; is finitely attached 
in C’ and F’ is again connected. 
The theorem follows. 0 
A construction as in the last proof will be referred to as a standard construction. 
More precisely, a pseudo-tree G/n (with root F,) is said to arise by a standard 
construction if each F E JC with F # F. is contained in a component C of G - F_ 
(where F_ is the predecessor of F with respect to F,); then F automatically must 
contain all the neighbours of F- in C. 
In our standard construction we obviously can select as the ‘root’ F. an 
arbitrary finitely attached subgraph, and further each F # F. can be chosen in 
such a way that all the vertices adjacent to its predecessor F- belong to a 
connected subgraph of G[F]; we then speak of a normal tree-partition. From our 
last proof it is clear that every pseudo-tree has a normal tree-partition. If n is a 
normal tree-partition of the pseudo-tree G (with root F,) and F is a member of Ed 
such that G[F] is not connected, then there are finitely many (immediate) 
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successors F,, . . . , F,, of F in n such that in G[F U F1 U . . . U F,] any two vertices 
of F are connected by paths. It is then also clear that vertices of distinct 
components of G[F] cannot be connected by a path avoiding the successors of F. 
If G is a pseudo-tree with a tree-partition JG, then any 1, m-path U of G is 
mapped by qPn onto an infinite subtree of G/X with exactly one end; this end in 
G/X is the same for equivalent 1, w-paths. So qX defines a mapping of the set of 
ends in G into the set of ends of G/E. One can show that this mapping is 
surjective (here the hypothesis that G be connected is crucial). However it is not 
necessarily injective, as is seen from the following proposition. 
3.4. An infinite connected graph G has a tree-partition n such that G/n is a 
1, m-path if and only if it is locally finite. 
(The nontrivial part is proved by the partition of V(G) into the distance-classes 
from a given vertex.) 
However we have the following. 
3.7. If n is a tree-decomposition of the pseudo-tree G which arises by a 
standard-construction, the canonical mapping qJr induces a 1, l-correspondence 
between the ends of G and those of G/n. 
By 3.6 and 3.7 we see that not every tree-partition of a pseudo-tree can be 
obtained by a standard construction, as one could be tempted to conjecture. The 
following simple observation nevertheless plays a key role in our further 
investigations. 
3.8. Every finitely attached subgraph F of a graph G is closed in G. 
Proof. If x E V(F) and A&, y) = 00, y 4 V(F), then there must be infinitely 
many edges from F into the component of G - F which contains y. 0 
The author conjectured for some time that every pseudo-tree also is a 
quasi-tree. We shall now construct a counterexample. 
3.9. Example. We construct the graph J as follows: Let 2 denote the set of all 
finite sequences of natural numbers (including the empty sequence 0). Choose 
vertices xI, y, for every I E 2 such that these countably many vertices are 
pairwise distinct. Draw all the edges 
Then J has countably many copies of K,,, as its blocks, and K&,, yI) = M for all 
I E 2. {x1, yl}, I E 2 define a tree-partition of J; so J is a pseudo-tree. But the 
{x1, y,} induce nonconnected subgraphs of J. 
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In fact no member of any tree-partition of J can induce a connected subgraph 
of 1. Namely, assume C to be a connected finitely attached subgraph of J. C 
contains an x, (or an y[). Then by 3.8 also y, (or x,, respectively) must be in C. 
Since C is connected, also one of the xln (n E lV) must be in C. But then, again by 
3.8, also y,,, must be in C, and therefore by the connectedness of C an x,,,,,, has to 
be in C. Further by the same reasoning an x,,,,,,~ must be in C, and by repeating 
this argumentation we find an infinite sequence of distinct vertices in C, with 
contradiction. We see that J does not contain any connected finitely attached 
subgraph. 
It is however clear that every pseudo-tree can be extended, by adding edges (a 
finite number at each vertex), to a quasi-tree. 
4. Some lemmas 
In this section we present some results on configurations which are related to a 
given countable set of vertices in a connected graph. These propositions will be 
used in the next section, but may also be of interest in their own right. 
4.1. Let X = {x0, x1, x2, . . .} be a countable set of vertices in a connected graph 
G. There is a connected locally finite subgraph H of G containing X if and only if 
for every finite F c G there are only finitely many components of G - F meeting X. 
Proof. If, for a finite F c G, there are infinitely many components of G - F 
meeting X, then for any HE G containing X also H - (F n H) has infinitely 
many components; therefore H cannot be connected and locally finite, and we see 
that the condition in 4.1 is necessary. 
Now assume this condition to be fulfilled. Put H,, = 0, and let H, be any 
x0, xl-path in G. Assume that for some n 2 1 connected finite subgraphs 
H,cH,c.. . c H,, are already determined such that xi E V(Hi), i = 1, . . . , n. Let 
in+, be the smallest j such that xi 4 V(H,), and let C,,+, be the component of 
G-H,, containing Xj”+,. Choose an edge e,,, = [v,+,, w,,,] with v,+i E V(H,,), 
W n+l E V(Cn+J such that v~+~ belongs to a V(H,) - V(H,_,) with greatest 
possible i 6 n. Now let P,,+, be an Xi”+,, w,+i-path zCn+r and put H,,, = H,, U 
pn+l U en+,. Then obviously Hn+, is finite and connected and contains 
Xl, . . . , x,+1. H := UEzl H,, is then connected and contains X (in fact it is easily 
seen from the construction that H is a tree). Assume that H contains a vertex of 
infinite degree. According to our construction there must exist a v, incident with 
infinitely many ek (k > n), which means that there exists an infinite sequence 
n<kI<k,<k3<... such that v, = vk, = vk2 = vkg = * . . . Since G - H, contains 
only finitely many components meeting X, there must be a component C of 
G -H, containing two Pk,, Pk, (i < j). But then, by the maximality condition 
in our construction, vk, had to be chosen in a P, with r 2 ki > n, contrary to 
vkj = 21,. Hence H must be locally finite. [7 
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4.2. Let X = {x0, x1, x2, . . .} be a countable set of vertices in a connected locally 
finite graph G. Then there exists a 1, m-path U such that X is associated with U. 
Proof. Without restriction of generality we may assume G to be a tree. Let H be 
the union of the x0, xi-paths GG (i = 1, 2, . . .). By K&rig’s Lemma H contains a 
1, m-path U starting in x0. Let s denote the partial order in V(H) induced by the 
root x0 in the tree H. In H every end-vertex (i.e. vertex of degree 1 with respect 
to H) belongs to X, and for every vertex v of H with degree ~2 there is a vertex 
x E X with v <x. For any v E V(H) let v’ denote the last vertex which the 
x0, v-path in H has in common with U. To each v E V(U) there is an xi with 
v <xi, which implies v <xl. Therefore we find an infinite sequence iI < i2 < i3 < 
. . . such that x[, < xh <XI < - . . , and it follows that X is associated with U. 0 
If X is a set of vertices and c a vertex not in X, then the union of infinitely 
many paths, each connecting c with a vertex of X and having pairwise only c in 
common, is called an X-spider (with centre c). 
4.3. To any countable set X of vertices in a connected graph G there is a 1, w-path 
U to which X is associated in G or there is an X-spider contained in G. 
Proof. If there is a locally finite connected subgraph H E G containing X, the 
assertion follows by 4.2. Otherwise by 4.1 we find a finite F c G such that there 
are infinitely many components of G - F meeting X. Among these there are 
infinitely many Ci (i E I) from which edges ei lead to the same vertex c of F. Let 
xi E V(Ci) fl X and ei = [c, yi]. Then by the ei and yi, xi-paths GCi, we get an 
X-spider with centre c. 0 
An infinite set X s V(G) is called separable in G, if there is a finite F c V(G) 
such that each component of G - F contains only finitely many vertices of X. (We 
then say that X is separable by F.) 
4.4. Let X be an infinite set of vertices in a connected graph G. Then one of the 
following three statements holds: 
(a) There is a 1, m-path to which X is associated. 
(b) X is separable in G. 
(c) There are infinitely many disjoint X-spiders in G. 
Proof. Assume that neither (a) nor (b) holds. Then by 4.1, 4.2 there must be a 
finite F in G such that G - F has an infinity of components each of which meets 
X. If there were infinitely many such components C, with V(C,) II X infinite, we 
get (c) by applying 4.3 to each Ci. 
Therefore we assume that there are only finitely many components C,, . . . , C, 
of G - F which have infinite intersection with X. Of course r > 0; otherwise 
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we had (b). Put Xi=XflV(Ci), i=l,..., r. If each Xi were separable in Cj, 
say by 4, then X would be separable in G by F U Fl U . . . U F,. Therefore at least 
one Xi is not separable in C,. By F and the other components of G - F meeting X 
we get an X-spider (with its centre in F) disjoint from Cj. 
By the same argumentation we get an X-spider GC, which is disjoint from 
some component C’ of Ci - F’, where F’ is finite and V(C’) II X is infinite and 
not separable in C’. 
Repeating this argumentation infinitely often we get an infinite family of 
disjoint X-spiders in G. q 
5. The forbidden configurations 
In this section we prove our main result, the characterization of pseudo-trees 
by forbidden configurations. We first introduce the three fundamental graphs in 
this characterization. 
Let ~4 be the graph arising from a 1, w-path U by adding a new vertex c and 
joining c to every vertex of U by an edge (Fig. 1). c is called the origin of & (and 
also of any a”). Similar to the argumentation in 3.8 it follows that no subdivision 
of a can be contained in a pseudo-tree. 
Let D,, = {co, cl, c2, . . .}, D1, 4, D3, . . . be a sequence of pairwise disjoint 
countable sets (of vertices). By 99 we denote the graph with vertex-set 
D,,UD,UD2U... in which all edges [co, x], x E D, and [ci, x], x E D, U D,+l (for 
i 2 1) are drawn (see Fig. 2). 
By % we denote the graph with the same vertex-set and the edges [c,,, x], 
x E D1 U 02 U . . . , [c;, x], x E Di for i 2 1 (see Fig. 3). c,) is in both 8 and Ce (and 
every subdivision) defined as the origin. It is clear that the origin of each of our 
configurations is uniquely determined by graph-theoretical properties. 
Obviously K&c~-~, ci) = CC and K%(c,,, ci) = 00 for all i = 1, 2, . . . (and the 
analogues are also true for subdivisions of 9 and ‘%). We ask whether from such 
local connectivity conditions in an arbitrary graph the presence of one of our 
configurations can be deduced. 
Fig. 1. Graph d. 
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DI D2 D3 
Fig. 2. Graph 3. 
5.1. Let co, cl, c2, . . . be distinct vertices in a graph G such that K&Co, Ci) = 00 
holds for all i = 1, 2, 3, . . . . Then G contains a subdivision of % with origin co. 
Proof. For each i 3 1 let Pi be a countable system of internally disjoint 
co, c,-paths in G. (A system of finite paths is called internally disjoint if any two 
of these paths have nothing but end-vertices in common.) Choose an arbitrary 
element PI1 E ?Pi and put F, = PII, k, = 1. Let n s 1; assume natural numbers 
k,<k,<. . . <k, to be determined and F, to be constructed as the union of 
internally disjoint paths Pij, i, j = 1, . . . , n, where each Pij E pk,. AS each S$ is 
infinite, we can select P1,,+1 E Pk,, P2,n+l E Y)k2, . . . , P,,,+l E ??)k. such that the 
paths P,,, i = 1, . . . , n, j = 1, . . . , n + 1, are internally disjoint. There is a small- 
est i = k,+I such that ci is not in the union of these Pij; we choose n + 1 disjoint 
paths P,,+l,l, . . . , f’,,+l,,+~ in pk,+l which have only c,, in common with the Pij for 
i<n,j<n+l. Then F,,, is defined as the union of the Pii, i, j s n + 1. The 
union of the F, constructed in this way is a configuration of the desired kind. 0 
It seems to be not so easy to prove the analogous result for 9. For our 
purposes it suffices to show the following. 
c3 
Fig. 3. Graph V. 
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5.2. Let co, cl, c2, . . . be distinct vertices in a graph G such that KG(Ci, Ci+l) = 
03, i = 0, 1, 2, . . . . Assume that G neither contains an & nor a Ces with one of the 
c, as its origin. Then G contains a subdivision of 93 with origin co. 
Proof. For each i 30 let Pi be a countable system of internally disjoint 
ci, ci+i-paths in G. If for each i only finitely many of the paths EPi contain a ck 
with k # i, i + 1, then we omit these paths in each LPi and, from the reduced 
system of paths, we can prove our assertion by an argument similar to that in the 
last proof. 
Assume, one the other hand, that infinitely many ck, with k, < k2 < k3 < . . . are 
contained in the paths of some 9”. X := {ck,, ck2, . . .} is not separable in G 
because any finite F omits all ci for sufficiently large i. By 4.4 we either find a 
1, m-path to which X is associated (then we get an S@ with origin c,,) or there are 
infinitely many disjoint X-spiders with the centres d,, d2, . . . ; then K~(c,, di) = 
m for all i, and by 5.1 we get a %Ys in G with origin c,. q 
Now we can prove the following. 
5.3. A finite F c G is finitely attached in G if and only if there is no S& in G with 
its origin in F and there is no pair of vertices x, y with 
x E V(F), ycV(G-F), K&, y) = m. 
Proof. If F has infinitely many neighbours in a component H of G -F, then 
there is an x in V(F) which has an infinite set X of neighbours in H. By 4.3 we get 
an ds with origin x or we find an X-spider (with centre y) in H, which then 
implies KG@, y) = m. 
The other direction of the proposition is trivial. 0 
The class of connected graphs in which each finite subgraph is finitely attached 
lies logically ‘properly between’ the classes of locally finite connected graphs and 
of quasi-trees. This class can be characterized as follows. 
5.4. Theorem. Let G be a connected graph. Then every finite F c G is finitely 
attached in G if and only if G neither contains an .& nor a pair of vertices x, y 
with K&X, y) = m. 
Proof. This follows without difficulties from 5.3. Cl 
Another immediate consequence of 5.3 is the following. 
5.5. If G $ ~4’ and F c G hJinite, then C(F) is finitely attached in G if (and only 
if) it is finite. 
From 5.5 together with 3.5, 3.8 we get the following at once. 
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5.6. A connected graph is a pseudo-tree if and only if G + .& and C(F) is finite 
for every finite F c G. 
Now let F be finite cV(G). A vertex v E V(G) is called K-reachable from F if 
there is a finite sequence of vertices x,,, x1, . . . , x, in G with x0 E F, x, = v and 
K~(x~_~, xi) = cc for i = 1, . . . , n. We form a derived graph K, whose vertex-set 
consists of the vertices which are K-reachable from F and in which two vertices 
X, y are adjacent if and only if K&, y) = m. Clearly V(K,) L C(F). 
Remark. In general V(K,) is not equal to C(F). It may happen that V(K,) = F 
but C(F) is infinite. We construct an example. Let X, y be any distinct vertices; let 
PO be the X, y-path consisting of an edge [x, y]. Assume the x, y-path P,, to be 
already defined, say with the edges e,, . . . , e,. Then we choose r distinct new 
vertices v,, . . . , v, and join each vi with the end vertices of ei by edges; thus we 
get the x, y-path P,+l (of length 2r). So an infinite sequence of edge-disjoint 
x, y-paths PO, PI, . . . is defined whose union H is countably edge-connected but 
does not contain a pair of vertices u, v with K~(u, v) = 00. 
We shall now easily get the proof of our main theorem by discussing the 
following two alternatives. 
5.7. Zf Kr is finite, then by 5.3 either V(K,) is finitely attached (and then, by 3.8, 
C(F) = V(Kr)) or there exists an .& in G with its origin in V(K,). 
5.8. Zf Kr is infinite, then (because of KF = IJxcF K,) at least one of the graphs K, 
(with x in F) is infinite. This K, is connected. Therefore we find either a 1, m-path 
in K, or a vertex of infinite degree in K,. 
By applying 5.1, 5.2 to the latter situation we get the following. 
5.9. Theorem. A finite F c G is not contained in a finitely attached subgraph of G 
if and only if there is a subdivision of &, 3, or % whose origin is K-reachable 
from F. 
And with 3.5 we get the main result of this paper. 
5.10. Theorem. A connected graph G is a pseudo-tree if and only if it does not 
contain a subdivision of d, 9, or %. 
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6. Pseudo-trees which are not quasi-trees 
In Section 3 we saw that every pseudo-tree G admits tree-partitions which can 
be obtained by standard constructions; especially, normal tree-partitions can 
always be performed. The results of Section 5 allow further refinements of these 
observations, two of which are presented here. The second of these constructions 
will be used to exhibit a configuration closely related to the example at the end of 
Section 3 in every pseudo-tree which is not a quasi-tree. 
It is interesting that in a pseudo-tree G each finite F c V(G) determines 
canonically a unique tree-partition jrF, if we stipulate that F be contained in a 
member of the partition in question and that in each step of a standard 
construction the (unique!) smallest possible continuation be chosen. In fact, we 
start with C(F), then in the components H of G - C(F) take the C(Fn), where 
Fn is the set of neighbours of C(F) in H, as the next ‘generation’ of members of 
n,; then in each component H’ of H - C(Fn) we take the closure of the 
neighbours of C(F), in H’, and so on. We call JC~ the minimal tree-partition of G 
determined by F. 
Of more practical use however seems to be the following kind of tree- 
partitions, which we call C-normal: A finite F c V(G) being given, we choose a 
finite F’ 2 F inducing a connected subgraph of G; then C(F’) is the initial 
member of our tree-partition (it is of ‘0th generation’). Then if F, denotes the set 
of neighbours of C(F’) in each component H of G - C(F’), we choose a finite 
FL 2 Fn inducing a connected subgraph of H and then take the C(Fh) as the first 
‘generation’ of members in our decomposition. Analogously we get the 2nd 
generation of members, and so on; by repeating this procedure again and again 
we obtain a tree-partition n which is normal, and if C(F’) is chosen as the root of 
G/n, then every other member P is the closure of a finite connected graph 
containing the neighbours (in P) of its predecessor. 
Let G be a pseudo-tree. A pair of vertices X, y of G is called discordant if 
K~(x, y) = CQ and no path connecting neighbours of x and y is contained in a 
connected finitely attached subgraph of G. 
Now consider a finite F c V(G), inducing a connected subgraph of G. If there 
is no discordant pair in C(F), then for every pair X, y E C(F) with K&V, y) = CO 
there is a connected finitely attached subgraph TxY containing a path connecting 
neighbours of x and y. Then C(F) together with these TX,, induces a connected 
subgraph of G which is finitely attached by 3.2. So we may state the following. 
6.1. Lemma. F cannot be extended to a connectedfinitely attached subgraph of the 
pseudo-tree G if and only if there is a discordant pair in C(F). 
By an elementary x, y-multichain (of length n) we understand a finite sequence 
of distinct vertices 
X=Xg,xi,x~ )...) x,=y 
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together with n disjoint countable sets of vertices 
Z1,..-,Zn 
(all disjoint from {x0, . . . , x,}) where the edges 
[Xi--lr zl, bi, zl 
for all z E Zi are drawn (i = 1, . . . , n). (In the case n = 0 the configuration 
reduces to the single vertex x = y.) 
An x, y-multichain is a subdivision of an elementary x, y-multichain. In a graph 
containing vertices x, y the existence of an x, y-multichain is equivalent with the 
statement that y is K-reachable from x. 
We shall now define graphs of J-type, generalizations of our example _Z at the 
end of Section 3. Essentially in .Z the x1 (I # 0) are replaced by multichains. In the 
following construction we stipulate that terms denoted differently and playing 
different roles shall not coincide nor meet each other, if not otherwise said. 
We choose vertices x0, y, and, for each non-empty I E 2, a triple of vertices 
All edges [x,, z,], [yl, zl,], Z E Z; IZ E N shall be drawn, and for every Z # 0 an 
elementary 4, xl-multichain M, is inserted. (Its length is arbitrary; if it is 0 then 
21 =x1.) 
We call each graph obtained in this way a graph of J-type. It is clear that 
especially .Z is obtained if the lengths of all the inserted multichains MI is 0. It is 
also clear that every graph of J-type is a pseudo-tree: For instance the classes of a 
tree-partition are the one-element sets consisting of the vertices of degree 2 in the 
M, and the sets PI (I E Z), where P0 = {x0, ye} and, for I # 0, P, consists of y, and 
the vertices of infinite degree in MI. 
In the same way as for .Z it is seen that every graph of Z-type is not a quasi-tree 
(in fact, none of the vertices x1, y,, z, is contained in a connected finitely attached 
subgraph). 
It is not difficult to overlook the 1, m-paths contained in a graph of Z-type. Its 
ends are in 1, l-correspondence with the sequences il, i,, i3, . . . of natural 
numbers: For each such sequence we put Z, = iliz. . . i, E 2; then each end can be 
represented by a 1, a-path starting in x0 and passing through the z,,, xI. Also, it 
is easy to see that every graph of J-type contains an end-invariant subdivision of 
the o-regular tree. 
Now assume that G is a pseudo-tree but not a quasi-tree. By 3.5 there is a 
connected finite F which is not contained in a connected finitely attached 
subgraph of G. We choose a C-normal tree-partition n of G, with C(F) =: P0 as 
the root of the corresponding tree G/n. By 6.1 in P0 we find a discordant pair of 
vertices x0, yO. Because of K~(x~, yO) = C=J there are infinitely many neighbours 
8 (i E FU) of Pe in G/z such that there exist x], y: in fi which are adjacent to xg, y0 
(respectively); by assumption there is an xi, y]-path Wi s G[&]. By definition of 
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discordant pair no w is contained in a connected finitely attached subgraph; 
therefore C(Wi) G P: contains a discordant pair xi, y,. Because of xi E C(w) = 
V(K,) we find Zi E V(K) and a Zi, x,-multichain Mi (if yj is on it, then we 
interchange Xi, yi). 
To form Mi we need infinitely many neighbours of P: in G/n; obviously we can 
select these members of n in such a way that infinitely many neighbours & (i E FV) 
of Pi containing vertices xl>, y[\ adjacent to xi and yi are not among them. 
Now in each l$ we select an x&, yk-path Wij E G[&]; again we find a discordant 
pair xii, Yij in C(&) c G[P,,] and a Zij, xij-multichain Mij for some tij E V(Wij). 
We see that we can repeat this procedure infinitely often, and thus obtain a 
subdivision of a J-type graph in G. From the construction it is easily seen that it is 
end-invariant in G. So we can state the following theorem. 
6.2. Theorem. If G is a pseudo-tree but not a quasi-tree, then G contains a 
subdivision of a graph of J-type which is end-invariant in G. Especially, G must 
contain an end-invariant subdivision of the o-regular tree. 
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